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Abstract
The effective string action of the color-electric flux tube in the U(1)×U(1) dual
Ginzburg-Landau (DGL) theory is studied by performing a path-integral analy-
sis by taking into account the finite thickness of the flux tube. The DGL theory,
corresponding to the low-energy effective theory of Abelian-projected SU(3) gluo-
dynamics, can be expressed as a [U(1)]3 dual Abelian Higgs (DAH) model with a
certain constraint in the Weyl symmetric formulation. This formulation allows us to
adopt quite similar path-integral techniques as in the U(1) DAH model, and there-
fore, the resulting effective string action in the U(1)×U(1) DGL theory has also
quite a similar structure except the number of color degrees of freedom. A modified
Yukawa interaction appears as a boundary contribution, which is completely due
to the finite thickness of the flux tube, and is reduced into the ordinary Yukawa
interaction in the deep type-II (London) Limit.
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1 Introduction
The dual superconducting picture of the QCD vacuum [1,2] provides an in-
tuitive scenario on the quark confinement mechanism. The formation of the
color-electric flux tube can be understood analogously to that of the mag-
netic Abrikosov vortex [3,4,5] in an ordinary superconductor via the Meissner
effect with the electric Cooper-pair condensation. In fact, in the QCD vac-
uum, color-magnetic monopoles are condensed, and then, the color-electric
field associated with quarks is squeezed into an almost one-dimensional ob-
ject forming the color-electric flux tube due to the dual Meissner effect (the
dual Higgs mechanism). The linear rising potential naturally appears between
the quark and the antiquark, which explains why a quark cannot be isolated
as a free particle.
Remarkably, color-magnetic monopole condensation is observed by Monte-
Carlo simulations of lattice gluodynamics in the so-called maximally Abelian
(MA) gauge [6,7,8]. In the MA gauge, Abelian dominance [9,10] for the non-
perturbative quantities, such as the string tension [11,12] and chiral conden-
sate [13], is also observed. Moreover, it is suggested that monopole configura-
tions lead to large contributions to the string tension [14] and chiral conden-
sate [15]. These results indicate that Abelian components of the gluon field
and monopoles become relevant degrees of freedom to describe the low-energy
(long-range) properties of the vacuum.
These numerical results have justified a posteriori a low-energy effective the-
ory of the gluodynamics composed of Abelian degrees of freedom (Abelian-
projected gluodynamics [16]) with monopole condensation. The resulting ef-
fective action is known to have the form of the Ginzburg-Landau (GL) theory
which in its original version would effectively describe bulk properties of the
ordinary superconductor. Since now the role of electric and magnetic prop-
erties is interchanged, this is called the dual Ginzburg-Landau (DGL) the-
ory [17,18,19,20]. The DGL Lagrangian is composed of the dual gluon field
interacting with the monopole field, and in fact, the color-electric flux-tube
configuration is obtained as the classical solution when the test electric charges
are put into the vacuum. The thickness of the flux tube is controlled by the
inverse masses of the dual gauge boson and the monopole, that is, the penetra-
tion depth m−1B and the coherence length m
−1
χ . The latter length characterizes
the so-called core size of the flux tube.
Although long-distance aspects are dominated by Abelian-projected degrees
of freedom, the DGL theory may not be a complete substitute for all aspects
of low-energy gluodynamics, since there would be an interface in the real
theory with short range physics which is taken care of by charged vector and
ghost fields. Such effects would play an important role for the description of
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a dynamical charge density around test charges. Nevertheless, it is interesting
to remind that the Abelian-projected flux-tube profiles have also been studied
within the lattice gluodynamics in the MA gauge [21,22,23,24,25,26], which
have shown quite similar profiles as the classical flux-tube solution in the DGL
theory. Therefore it will make sense to regard the DGL theory as a starting
point of further investigations of the hadronic flux tube [27,28,29,30] with the
pointlike approximation of color-electric test charges. 1
From the Abelian-projected SU(2) gluodynamics one can construct the U(1)
DGL theory (often called the U(1) dual Abelian Higgs (DAH) model), where
the U(1) dual symmetry corresponds to the Cartan subgroup of SU(2). One
can analyze the physical essence of the dual superconducting vacuum and,
at the same time, the structure of the flux tube. For the description of the
dynamics of the flux tube, it makes sense to use a framework which directly
deals with the string-like properties of the flux tube. Such framework is the
string representation or effective string action approach of the DGL theory,
which can be obtained by performing a path-integral analysis. In the U(1)
case, based for simplicity, on the London limit approximation mχ → ∞ ,
the string representation was derived in Refs. [31,32,33,34]. The London limit
approximation corresponds to the neglect of the core size of the flux tube. The
resulting leading action was shown to be the Nambu-Goto (NG) action with
the rigidity term [35,36]. The string representation of the U(1)×U(1) DGL
theory corresponding to the Abelian-projected SU(3) gluodynamics was also
studied using this approximation [37,38].
Recently, we have considered the derivation of the string representation of the
U(1) DGL theory beyond the London limit, i.e. we have taken into account
the finite thickness of the flux-tube core by keeping the mass of the monopole
finite [39]. The used path-integral analysis combined with differential form
techniques turned out to provide a very compact and transparent method for
studying these problems including, in particular, also boundary terms related
to the non-confining part of the potential. As a main point, the finite core
corrections to the effective string action have been derived.
In this paper, we are going to generalize the above work by investigating the
U(1)×U(1) DGL theory beyond the London limit. Note that two of us have
shown that the Weyl symmetric formulation reduces the U(1)×U(1) DGL
theory into the sum of three types of the U(1) DAH model, which was quite
useful to simplify the treatment of the DGL theory and the investigation of
the flux-tube solution [29,30]. Therefore, in order to derive the effective string
action, we pay here special attention to the Weyl symmetric formulation when
using again path-integral techniques in differential form notation.
1 The resulting DGL description is thus, in particular, justified for the string away
from the charges and their dynamical charge clouds.
3
This paper is organized as follows. In Sec. 2 we introduce the Weyl symmetric
formulation of the DGL theory in differential form notation. In Sec. 3 the role
of the open Dirac string with color-electric charge at its ends for the viola-
tion of the dual Bianchi identity is considered. In Sec. 4 the functional path
integration in differential form notation is performed which requires special
attention to gauge conditions and the Weyl symmetry constraint. This leads
to the effective string action, where the finite thickness of the core of the flux
tube is taken into account. Finally, Sec. 5 contains the summary.
2 Weyl symmetric formulation of the DGL theory
The Weyl symmetric expression of the DGL action in the differential form is
given by
SDGL =
3∑
i=1
[
βg
2
F 2i + ((d− iBi)χ∗i , (d+ iBi)χi) + λ(|χi|2 − v2)2
]
, (1)
where the ingredients of the DGL theory are three types of the dual gauge
field Bi (
∑3
i=1Bi = 0, i = 1, 2, 3), and the complex-scalar monopole field
χi = φi exp(iηi) (φi, ηi ∈ ℜ, i = 1, 2, 3). In the presence of external quark
sources in the vacuum describing a static quark-antiquark (q-q¯) system, the
dual field strength Fi is expressed as
Fi = dBi − 2π ∗ Σ(m)i , (2)
with
∗ Σ(m)i ≡
3∑
j=1
mij ∗ Σ(e)j , (3)
Here Σ
(m)
i (i = 1, 2, 3) denotes the “color-magnetic” (Weyl symmetric) repre-
sentation of the color-electric Dirac string Σ
(e)
j (j = 1, 2, 3) which describes the
open color-electric Dirac string [30]. Let us briefly summarize the definitions
of operators in differential forms and useful formulae in Table 1, and quote
the ingredients of the DGL theory in Table 2. The factor 2πmij in front of the
color-electric Dirac string appears as a result of the extended Dirac quantiza-
tion condition between the color-magnetic charges ~Q
(m)
i ≡ g~ǫi (i = 1, 2, 3) and
color-electric charges ~Q
(e)
j ≡ e~wj (j = 1, 2, 3):
~Q
(m)
i · ~Q(e)j = g~ǫi · e~wj = 2πmij (eg = 4π), (4)
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Table 1
Definitions in differential forms in four-dimensional Euclidean space-time.
r-form (0 ≤ r ≤ 4) ω ω ≡ 1
r!ωµ1...µrdxµ1 ∧ . . . ∧ dxµr
exterior derivative d r-form 7→ (r + 1)-form
Hodge star ∗ r-form 7→ (4− r)-form
∗∗ multiply by a factor (−1)r for an r-form
codifferential δ ≡ − ∗ d∗ r-form 7→ (r − 1)-form
Laplacian ∆ ≡ dδ + δd r-form 7→ r-form
Inner product (ω, η) ≡ ∫ ω ∧ ∗η (ω, η) = 1
r!
∫
d4xωµ1...µrηµ1...µr (ω, η ∈ r-form)
(ω)2 ≡ (ω, ω)
Table 2
Ingredients of the DGL theory in differential-form notation. The subscripts i =
1, 2, 3 denote the label of color in the color-magnetic (Weyl symmetric) representa-
tion.
dual gauge field 1-form Bi ≡ Bi µdxµ
monopole field 0-form χi ≡ φi exp(iηi)
electric Dirac string 2-form Σ
(m)
i ≡ 12Σ
(m)
i µνdxµ ∧ dxν
electric current 1-form j
(m)
i ≡ j(m)i µ dxµ
where ~ǫi and ~wj are the root and weight vectors of the SU(3) Lie algebra,
respectively. Explicitly, these vectors are defined as ~ǫ1 = (−1/2,
√
3/2), ~ǫ2 =
(−1/2,−√3/2), ~ǫ3 = (1, 0) and ~w1 = (1/2,
√
3/6), ~w2 = (−1/2,
√
3/6), ~w3 =
(0,−1/√3). The labels j = 1, 2, 3 describe, for instance, red (R), blue (B),
and green (G) color-electric charges, respectively. The matrix
mij ≡ 2~ǫi · ~wj =
3∑
k=1
εijk (5)
takes the integer values ±1 or 0. Based on these definitions of charges, the
R-R¯ system is defined by Σ
(e)
j=1 = Σ 6= 0, Σ(e)j=2 = 0, and Σ(e)j=3 = 0, which is
also expressed as Σ
(m)
i=1 = 0, Σ
(m)
i=2 = −Σ, and Σ(m)i=3 = Σ in the color-magnetic
representation. Clearly, the color-electric Dirac string in the color-magnetic
representation satisfies the relation
∑3
i=1Σ
(m)
i = 0 (see, Table 3).
The physics described by the DGL theory is characterized by two mass scales,
the masses of the dual gauge boson mB =
√
2/βgv =
√
3gv and of the
monopole mχ = 2
√
λv, where βg = 2/(3g
2) is the dual gauge coupling and λ
the self-coupling of the monopole field. Recall that their inverses correspond to
the penetration depth and the coherence length, respectively. We can further
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Table 3
The color-electric Dirac string structures in the color-electric and color-magnetic
representations for the q-q¯ system, where Σ corresponds to the world sheet of one
string singularity.
color-electric rep. color-magnetic rep.
Σ
(e)
j=1 Σ
(e)
j=2 Σ
(e)
j=3 Σ
(m)
i=1 Σ
(m)
i=2 Σ
(m)
i=3
R-R¯ Σ 0 0 0 −Σ Σ
B-B¯ 0 Σ 0 Σ 0 −Σ
G-G¯ 0 0 Σ −Σ Σ 0
define the Ginzburg-Landau (GL) parameter κ as
κ ≡ mχ/mB, (6)
which controls the vacuum property of dual superconductivity, in particular,
whether the vacuum belongs to type-I (κ < 1) or type-II (κ > 1) or to their
border (κ = 1) .
3 Open string singularity and the violation of the dual Bianchi
identity
When we consider the open string system, such as the R-R¯ system, it is
important to pay attention to the color-electric Dirac string singularity in
the dual field strength Fi, since it is directly related to the violation of the
dual Bianchi identity:
dFi = d
2Bi − 2πd ∗ Σ(m)i = +2π ∗ j(m)i 6= 0, (7)
where d2Bi = 0 and d ∗ Σ(m)i = − ∗ j(m)i are used. Since the latter relation is
also written as
δΣ
(m)
i = −j(m)i , (8)
one finds that the color-electric current j
(m)
i is defined as the boundary of the
Dirac string Σ
(m)
i . In order to treat the Dirac string singularity further, it is
useful to decompose the dual gauge field Bi into two parts called regular and
singular ones,
Bi = B
reg
i +B
sing
i , (9)
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where the singular part is explicitly written as
Bsingi = 2π∆
−1δ ∗ Σ(m)i . (10)
The inverse of the Laplacian, ∆−1, is the Coulomb propagator (∆∆−1 =
∆−1∆ = 1). Note that ∆ and ∆−1 commute with the exterior derivative
d, the codifferential δ, and the Hodge star ∗. Notice further that Bsingi is a
background gauge field associated with the singular string surface. By using
the relation d∆δ + δ∆d = 1, one finds that Eq. (10) leads to
dBsingi = 2π(∗Σ(m)i + ∗C(m)i ). (11)
Then, the dual field strength is written as
Fi = dB
reg
i + 2π ∗ C(m)i , (12)
where
∗ C(m)i = ∆−1δ ∗ j(m)i . (13)
Clearly, from this expression we see the violation of the dual Bianchi identity,
since d2Bregi = 0 and d ∗ C(m)i = ∗j(m)i . Then, the DGL action is written as
SDGL=
3∑
i=1
[
βg
2
(
dBregi + 2π ∗ C(m)i
)2
+(dφi)
2 + ((Bregi +B
sing
i + dη
reg
i )φi)
2 + λ(φ2i − v2)2
]
, (14)
where the polar decomposition form of the monopole field χi = φi exp(iηi)
(φi, ηi ∈ ℜ) is inserted. Since we are interested in the open-string system,
we investigate the case that the phase of the monopole field is single-valued,
so that we have η = ηreg. In general the phase η can contain the singular
part, which describes a closed-string, corresponding physically to the glueball
system [28]. Such contribution should be taken into account when glueballs
and quantum effects in the dual superconducting vacuum are concerned.
4 Functional path integration and the effective string action
The effective string action Seff(Σ
(m)
i ), written in terms of the color-magnetic
representation of the color-electric Dirac string, will be obtained after the
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functional path-integration over both the dual gauge fields and the monopole
fields. Explicitly, this can be expressed by the following relation:
Z =
∫ ( 3∏
i=1
DBregi δ[δBregi − fi]
)(
3∏
i=1
Dφ2iDηregi
)
δ[
3∑
i=1
δBregi ]
× exp[−SDGL(Bregi , φi, ηregi ,Σ(m)i )]
= exp[−Seff(Σ(m)i )]. (15)
It is important to note that, when we adopt the Weyl symmetric formulation,
we need to take into account the (Lorentz invariant) δ-function constraint
among the dual gauge fields as
3∑
i=1
δBregi = 0. (16)
As a result, the dual gauge symmetry of the DGL theory is kept in U(1)×U(1).
In fact, although the DGL action (1) itself has the [U(1)]3 dual gauge symme-
try
χi 7→ χi exp(iαi), Bregi 7→ Bregi − dαi (i = 1, 2, 3), (17)
this is finally reduced to U(1)×U(1) by the relation ∑3i=1 dαi = 0, which is
implied by the constraint (16). 2
Let us perform next the functional path integration over fields. For this aim,
the quadratic term of the dual field strength in the action is evaluated as
βg
2
(
dBregi + 2π ∗ C(m)i
)2
=
βg
2
(dBregi )
2
+ 2π2βg
(
j
(m)
i ,∆
−1j
(m)
i
)
, (18)
where we use
(
∗C(m)i , ∗C(m)i
)
=
(
j
(m)
i ,∆
−1j
(m)
i
)
, (19)
and the cross term vanishes. Next, inserting an identity for auxiliary fields Ei
(1-form, i = 1, 2, 3),
2 Here it may be interesting to comment that in this formulation we do not need an
additional constraint for the phase of the monopole field such as
∑3
i=1 ηi = const.
In fact, such a requirement is already implicitly taken into account by Eq. (16). For
instance, the special choice of the gauge, (unitary gauge) αi ≡ −ηi (i = 1, 2, 3),
leads to the corresponding constraint among the phase of the monopole field.
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exp
[
−((Bregi +Bsingi + dηregi )φi)2
]
= φ−4i
∫
DEi exp
[
−
{
1
4
(Ei,
1
φ2i
Ei)− i(Bregi +Bsingi + dηregi , Ei)
}]
, (20)
where, in general,
∑3
i=1Ei 6= 0, and rewriting the δ-function constraint for the
dual gauge fields as a Fourier integral, the partition function takes the form
Z =
∫
Dk
(
3∏
i=1
DBregi δ[δBregi − fB i]
)(
3∏
i=1
Dφ−2i Dηregi
)(
3∏
i=1
DEi
)
× exp
[
−
3∑
i=1
{
2π2βg
(
j
(m)
i ,∆
−1j
(m)
i
)
+
βg
2
(dBregi )
2
+ (dφi)
2 +
1
4
(Ei,
1
φ2i
Ei)
−i(Bsingi , Ei)− i(Bregi , Ei + dk)− i(dηregi , Ei) + λ(φ2i − v2)2
}]
. (21)
Here, k is a 1-form auxiliary field. Notice that, due to (dηregi , Ei) = (η
reg
i , δEi),
the integrations over the phase ηregi (i = 1, 2, 3) lead to the constraint δEi = 0
which is resolved by introducing the Kalb-Ramond (KR) fields hi (2-form,
i = 1, 2, 3) as
δ[δEi] =
∫
Dhiδ[δhi − fh i]δ[Ei − δ ∗ hi], (22)
where, in general,
∑3
i=1 hi 6= 0. Due to the hyper-gauge invariance h 7→ h+dΛ
with a 1-form field Λ, the hyper-gauge fixing functional also appears in order
to avoid the overcounting in the integration over h. Then, we have
Z =
∫
Dk
(
3∏
i=1
DBregi δ[δBregi − fB i]
)(
3∏
i=1
Dφ−2i
)
×
(
3∏
i=1
DEiDhiδ[δhi − fh i]δ[Ei − δ ∗ hi]
)
× exp
[
−
3∑
i=1
{
2π2βg
(
j
(m)
i ,∆
−1j
(m)
i
)
+
βg
2
(dBregi )
2 + (dφi)
2
+
1
4
(Ei,
1
φ2i
Ei)− i(Bsingi , Ei)− i(Bregi , Ei + dk) + λ(φ2i − v2)2
}]
. (23)
Now the integration over Ei (i = 1, 2, 3) leads to
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Z =
∫
Dk
(
3∏
i=1
DBregi δ[δBregi − fB i]
)(
3∏
i=1
Dφ−2i
)(
3∏
i=1
Dhiδ[δhi − fh i]
)
× exp
[
−
3∑
i=1
{
2π2βg
(
j
(m)
i ,∆
−1j
(m)
i
)
+
βg
2
(dBregi )
2
+ (dφi)
2
+
1
4
(δ ∗ hi, 1
φ2i
δ ∗ hi)− i(Bsingi , δ ∗ hi)− i(Bregi , δ ∗ hi + dk)
+λ(φ2i − v2)2
}]
. (24)
In order to evaluate the partition function further, we use the relations
3∑
i=1
(Bsingi , δ ∗ hi)= 2π
3∑
i=1
(∆−1δ ∗ Σ(m)i , δ ∗ hi)
= 2π
3∑
i=1
(hi,Σ
(m)
i ) + 2π
3∑
i=1
(δhi,∆
−1j
(m)
i ), (25)
and
(δ ∗ hi, 1
φ2i
δ ∗ hi) = (dhi, 1
φ2i
dhi). (26)
By inserting an identity in form of a path-integration over fB i ,
const. =
∫
DfB i exp
[
− βg
2ξB i
f 2B i
]
, (27)
and taking ξB i = 1, we can integrate over B
reg
i as
Z =
∫
Dk
(
3∏
i=1
Dφ−2i Dhiδ[δhi − fh i]
)
× exp
[
−
3∑
i=1
{
2π2βg
(
j
(m)
i ,∆
−1j
(m)
i
)
+
1
2βg
(δ ∗ hi + dk,∆−1(δ ∗ hi + dk)) + (dφi)2 + 1
4
(dhi,
1
φ2i
dhi)
−2πi(hi,Σ(m)i )− 2πi(δhi,∆−1j(m)i ) + λ(φ2i − v2)2
}]
, (28)
where
(δ ∗ hi + dk,∆−1(δ ∗ hi + dk)) = (hi)2 − (δhi,∆−1δhi) + (k)2. (29)
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Finally, the integration of k leads to a constant providing us with the expres-
sion
Z =
∫ ( 3∏
i=1
Dφ−2i Dhiδ[δhi − fh i]
)
× exp
[
−
3∑
i=1
{
2π2βg
(
j
(m)
i ,∆
−1j
(m)
i
)
+
1
2βg
(hi)
2 − 1
2βg
(δhi,∆
−1δhi)
+(dφi)
2 +
1
4
(dhi,
1
φ2i
dhi)− 2πi(hi,Σ(m)i )− 2πi(δhi,∆−1j(m)i )
+λ(φ2i − v2)2
}]
.
(30)
As in our previous paper [39], we divide the action into three parts as
S =
3∑
i=1
[S
(1)
i + S
(2)
i + S
(3)
i ], (31)
where
S
(1)
i =2π
2βg(j
(m)
i ,∆
−1j
(m)
i ), (32)
S
(2)
i =(dφi)
2 +
1
4
(dhi,
{
1
φ2i
− 1
v2
}
dhi) + λ(φ
2
i − v2)2, (33)
S
(3)
i =
1
4v2
(dhi)
2 +
1
2βg
(hi)
2 − 1
2βg
(δhi,∆
−1δhi)
−2πi(hi,Σ(m)i )− 2πi(δhi,∆−1j(m)i ). (34)
Since these three actions have completely the same structures as in the SU(2)
case [39] except for the labels of i, the further evaluation of these actions is
straightforward. The first action S
(1)
i provides the pure Coulombic potential for
the static quark-antiquark system, since the color-electric currents interact via
the Coulomb propagator. The second and third actions, S
(2)
i and S
(3)
i , should
be evaluated by taking into account the variation of the monopole field φi
in the vicinity of the center of the flux tube, which defines the “core” region
of the flux tube. In fact, its classical profile shows the behavior φi = v at
the distant region from the center, while it tends to vanish as φi → 0 on
the Dirac string if Σ
(m)
i 6= 0 (if Σ(m)i = 0, the monopole field behaves as
φi = v everywhere [29]). Effectively, the core region can be characterized by
the inverse of the monopole mass as ρ ≤ m−1χ . It is interesting to note that
the second action contributes only inside of the core since it vanishes in the
region where φi = v, and its leading term contains the NG action with the
11
string tension σcore [40]. At the same time, the third action in the core region
contributes a boundary contribution Scorei (j
(m)
i ). Then, the action for the core
region is
Si | <m−1χ = S
core
i (j
(m)
i ) + σ
core
∫
Σ
(m)
i
d2ξi
√
g(ξi), (35)
where ξai (a = 1, 2) parametrize the string world sheet x˜i µ(ξi), and g(ξi) is the
determinant of the induced metric, gab(ξi) ≡ ∂x˜i µ(ξi)∂ξa
i
∂x˜i µ(ξi)
∂ξb
i
[40,41]. Here, the
third action in the outside region ρ > m−1χ is responsible for the description
of the “surface” of the flux tube. By inserting a suitable identity in form of a
path-integral over the hyper-gauge fixing function fh i,
const.=
∫
Dfh i
×exp
[
− 1
4v2
(
[fh i + 4πv
2iDj
(m)
i ], D
−1∆−1[fh i + 4πv
2iDj
(m)
i ]
)]
,(36)
where D ≡ (∆ + m2B)−1 is the propagator of the massive KR field, we can
further integrate over the KR field as
Si | >m−1χ =4π
2v2
(
Σ
(m)
i , DΣ
(m)
i
)∣∣∣∣
>m−1χ
+2π2βg
(
j
(m)
i ,
[
D −∆−1
]
j
(m)
i
)∣∣∣∣
>m−1χ
. (37)
Now “|>m−1χ ” means that a corresponding effective cutoff should be taken
into account. One finds that the first term describes the interaction between
the color-electric Dirac string via the propagator of the massive KR field.
The derivative expansion of the KR propagator with respect to the covariant
Laplacian on the string world sheet which is defined by
∆ξi = −
1√
g(ξi)
∂ag
ab(ξi)
√
g(ξi)∂b, (38)
leads to the following form:
12
4π2v2
(
Σ
(m)
i , DΣ
(m)
i
)∣∣∣∣
>m−1χ
= σsurf
∫
Σ
(m)
i
d2ξi
√
g(ξi)
+αsurf
∫
Σ
(m)
i
d2ξi
√
g(ξi)g
ab(ξi) (∂atµν(ξi)) (∂btµν(ξi)) +O(∆2ξi), (39)
where tµν(ξi) =
ǫab√
g(ξi)
∂x˜µ(ξi)
∂ξa
i
∂x˜ν(ξi)
∂ξb
i
is an antisymmetric tensor which deter-
mines the orientation of the string world sheet Σ
(m)
i . The first term represents
the NG action with the string tension
σsurf = πv2 ln
m2B +m
2
χ
m2B
= πv2 ln
(
1 + κ2
)
, (40)
and the second term is the so-called rigidity term with the negative coefficient
αsurf =
πv2
2
(
1
m2χ +m
2
B
− 1
m2B
)
= −πβg
4
κ2
1 + κ2
(< 0), (41)
where κ = mχ/mB is the GL parameter.
Finally, by combining all contributions, the pure Coulomb term (32), the core
term (35), and the surface term (37) with derivative expansion (39), we get
the effective string action
Seff =
3∑
i=1
[
Si(j
(m)
i ) + (σ
core + σsurf)
∫
Σ
(m)
i
d2ξi
√
g(ξi)
+αsurf
∫
Σ
(m)
i
d2ξi
√
g(ξi)g
ab(ξi) (∂atµν(ξi)) (∂btµν(ξi)) +O(∆2ξi)
]
, (42)
where the boundary (color-electric current) contribution is given by
Si(j
(m)
i )=S
core
i (j
(m)
i ) + 2π
2βg(j
(m)
i ,∆
−1j
(m)
i )
+2π2βg
(
j
(m)
i , [D −∆−1] j(m)i
)∣∣∣∣
>m−1χ
. (43)
Eqs. (42), (43) are the main results of this paper .
It has to be noted that the boundary term can be simplified only in the London
limit mχ → ∞. In this limit, the first term disappears, Scorei (j(m)i ) → 0, and
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Fig. 1. The structure of the color-electric Dirac string in the color-magnetic repre-
sentation for the mesonic (left) and the baryonic (right) quark systems.
the third term becomes an “exact” Yukawa minus Coulomb term. Then, the
cancellation of the Coulomb term takes place, and finally the boundary term
is reduced into the ordinary Yukawa interaction as
Si(j
(m)
i )→ 2π2βg
(
j
(m)
i , Dj
(m)
i
)
. (44)
However, if the vacuum is not in the deep type-II limit, the boundary contribu-
tion has, in principle, a complicated structure which can only be investigated
numerically.
Clearly, the explicit form of the effective string action depends on the quark
system, that is to say, the combination of the color-electric charges. In the
SU(3) case, one can consider not only the mesonic string, described by R-R¯, B-
B¯ and G-G¯ systems, but also the baryonic string, as given by the combination
of three color-electric charges R-B-G (see, Fig. 1). Remarkably, since the form
of the action is now the Weyl symmetric one, which means invariant under the
exchange of the color labels i, one can immediately conclude that all mesonic
strings do not depend on the color. The baryonic system is constructed by
connecting the three-colored mesonic strings, R-R¯, B-B¯, and G-G¯, at a certain
junction, forming a Y-shaped structure. This is possible because the sum of
all three color charges at the same point turns out to be zero. In Ref. [37],
the static potential among three ends is calculated using the effective string
action in the London limit and its short distance region is described by the
Yukawa potential, which is consistent with our estimation in Eq. (44). The
profile of the baryonic flux-tube solution in the DGL theory is investigated in
Refs. [27,30], where also the role of the color-electric Dirac string inside the
flux tube is clarified.
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5 Summary
In this paper we have studied the effective string action of the color-electric
flux tube in the dual Ginzburg-Landau (DGL) theory using the path-integral
analysis in differential forms, thus extending our previous work for the U(1)
dual Abelian Higgs (DAH) model [39] to the U(1)×U(1) case. By adopting
the Weyl symmetric formulation, where the U(1)×U(1) symmetry is naturally
extended to [U(1)]3, the treatment of the DGL theory is found to be rather
simple, since the resulting form is the sum of three types of the U(1) DAH
model. Taking advantage of this feature, we could similarly get the effective
string action, which is expressed as the sum of the string action in the U(1)
case. Then the interpretation of the action is also straightforward. The dif-
ference is only the number of color-electric charges, which then allows us to
describe not only the mesonic system but also the baryonic system. The latter
is a typical system in the SU(3) gluodynamics. In the present paper, we do not
describe the baryon systems explicitly, which will be investigated in a future
analysis.
Let us make some comments concerning the form of the effective string action
in Eqs. (42) and (43). Analogously to the case of SU(2), the effect of the finite
thickness of the flux tube leads us again to a modified Yukawa interaction
as the boundary contribution of the open string, which turns over to the
ordinary Yukawa one only in the London limit. The derivative expansion of
the KR propagator with respect to the covariant Laplacian (38) leads to the
NG action and the rigidity term as the leading and next-to-leading parts of
the action. Such an expansion is clearly justified when the fluctuation of the
string world sheet can be treated perturbatively. If not, one has to handle the
expression of the first term in Eq. (37) directly.
Finally, it is interesting to note that we can refer to the interaction among
string world sheets of various colors without solving their dynamics. Since the
sum of two types of color charges reduces to another type of anti-color charge,
for instance as R+B → G¯, one finds that if two strings composed of R-R¯ and
B-B¯ interact with each other, this will be equivalent to a G¯-G string. Then,
it is easy to imagine that the force between them must be attractive.
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